Abstract. We present theoretical and experimental investigations of the fundamental idea that coupling-induced oscillations can enhance the sensitivity of an array of magnetic sensors. In particular, we consider arrays made up of fluxgate magnetometers inductively coupled through electronic circuits. The underlying dynamics of the coupled system is more complicated as it shows new spatio-temporal features that are not observed in a single fluxgate. Among these new features, self-induced oscillations in the form of a traveling wave pattern are of particular interest because they can lead to higher sensitivity levels at reduced costs. Details of the experiments, a new signal detection mechanism, and results from numerical bifurcation analyzes are described in this work.
INTRODUCTION
Fluxgate magnetometers are considered to be the most cost-efficient magnetic field sensors for applications that require measuring relatively small magnetic fields. For instance, measuring magnetic particles in biomedicine or in geological explorations. In either case, a single magnetometer operates (see next section for details) on the basis of saturation-driven oscillations generated by an external power source, so that an external signal is measured by quantifying its effect on the characteristics of the driven oscillations, i.e., changes in either the symmetry or the frequency of the wave form. Typically, a single fluxgate can measure magnetic fields in the range of about 1-10 pT/ √ Hz [1, 2] . Under current technology, greater sensitivity is only possible through the use of quantum-based sensors, though these sensors are far more complex and expensive. But now, motivated by new ideas and methods at the forefront of nonlinear dynamics in mathematics and physics, we show that it is possible for fluxgates to achieve higher levels of sensitivity. The basic ideas and methods are described next.
From the theoretical point of view, we first model the dynamics of an array of inductively coupled fluxgates through a system of differential equations. The system governs the magnetic induction in each fluxgate as a function of time. Then we perform a numerical bifurcation analysis to study the existence and stability of coupling-induced oscillations. Of particular interest are stable traveling wave (TW) patterns in which all fluxgates oscillate with the same waveform and same period but the oscillations are shifted by a constant amount. Then we show that the symmetry-breaking effect of an external signal is significantly stronger on the summed waveform of the self-induced oscillations than on each individual waveform. In this way, the sensitivity of fluxgate sensors can be enhanced by connecting them in arrays. From the experimental point of view, we first use printed circuit boards to build each individual fluxgate. Then we build electronic circuits to inductively couple the fluxgates in a manner that resembles the idealization of an array configuration. The experimental results are consistent with the theory, as they show that self-induced oscillations can enhance magnetic field sensitivity in an array of inductively coupled fluxgate magnetometers. Next we describe in more detail each of the tasks outlined above.
A CLASSICAL FLUXGATE MAGNETOMETER
A classical fluxgate sensor consists of two identical ferromagnetic cores, each wound with an excitation coil oriented in opposite directions from one another, see Fig. 1. An alternating current drives the cores into saturation, creating induced magnetic fields of equal strength but with opposite orientations. A "pickup" coil surrounds the two ferromagnetic cores. The magnetic fields induced in the cores produce a voltage potential in the pickup coil, so that an external signal can be detected and measured by quantifying the voltage difference that it creates in the pick up coil. Fluxgates were originally developed for use as a submarine detection device for low-flying aircraft. Today, individual fluxgate devices can measure magnetic fields in the range of about 1-10 pT/ √ Hz [1, 2] and they are used in applications such as: geophysical exploration, surveillance in land and sea, and underwater exploration [3, 4, 5, 6] . 
COUPLED FLUXGATE MAGNETOMETERS
At the center of our work is the idea of exploiting the phenomenon of coupling-induced oscillations [7, 8, 9] for signal detection enhancement in a network of coupled sensors. We have tested this idea using N identical fluxgates coupled in a directed-ring through induction in the pickup coil (or the excitation coil). A model (with dimensionless variables) has the form
where x i (t) represents the magnetic flux in the pickup coil of the i-th unit, c is a temperature-dependent parameter, ε is the "target" magnetic field, and λ is the coupling strength. For c > 1, each uncoupled (λ = 0) fluxgate is bistable. Absent an external force, i.e., ε = 0, x i (t) will relax to one of the two stable attractors at x = ±1. But for certain values of N > 1 a bifurcation analysis [8] shows, however, that each unit will oscillate about the two stable attractors with a symmetric waveform. See next section for details.
BIFURCATION ANALYSIS
A simple numerical integration of (1) reveals oscillatory behavior for λ < λ c , see Figure 2, where λ c is a critical (or threshold) value of the coupling strength [8] . The oscillations are non-sinusoidal, with a frequency that increases as the coupling strength decreases away from λ c . For λ > λ c , however, the system quickly settles into one of its steady states, regardless of the initial conditions; the same result ensues if N is even, or if the coupling is bidirectional. As a side-note, we point out that the appearance of oscillations for λ < λ c does not violate any conservation laws; in a practical implementation, some onboard power (e.g. to drive the coupling circuit) is always present. The dc target signal ε has the effect of skewing the potential function (for zero coupling) of each element. This has implications for the oscillation frequency as well as the residence times (or, equivalently, the zero-crossings) of individual elements of the connected array.
For even values of N (and the same form of unidirectional coupling among nearest neighbors), the system also undergoes a series of Hopf bifurcations, but all of the branches are unstable and, hence, unobservable. While more specialized coupling schemes are beyond the purview of this paper, we have also investigated different coupling topologies that include: bidirectional coupling amongst nearest neighbors, unidirectional coupling for nearest neighbors combined with bidirectional coupling between non-nearest neighbors, and unidirectional coupling for nearest neighbors combined with unidirectional coupling between every other non-nearest neighbors. In all these cases, additional coupling facilitates the existence of oscillatory behavior but aside from a potential enhanced tolerance to background noise, increasing the number of elements or re-arranging the network to have a different coupling topology does not seem to increase performance as quantified, for example, by the sensitivity of the oscillation frequency to small changes in an applied dc target signal. In summary, from the application point of view, the N = 3 case is the simplest, and most relevant, case to realize. (1) with N = 3, c = 3, and ε = 0. Filled-in squares are local Hopf bifurcations to unstable periodic solutions (empty circles); empty square describes a steady-state pitchfork bifurcation point of two branches of nontrivial unstable equilibria (dotted lines). Filled-in circles represent stable periodic solutions created via global bifurcations.
EXPERIMENTS
The experimental realization of the model equations (1) The sides of the PCB sheets that face away from the core material are printed with copper wirings to form the windings for the driving coil and the sensing coil. Solder is used to fuse the two sheets together to complete the circuit for the windings. The fluxgates are then coupled through an electronic circuit as follows. First, the (voltage) readout of one fluxgate signal (i.e. the derivative signal of the flux detected by the sensing coil of the device) is amplified by a voltage amplifier (an instrumentation amplifier with a very high impedence). At this point the amplifier also trims out any dc in the output. Then the signal is passed through a "leaky" integrator to convert the derivative signal seen by the sensing coil back to the "flux" form so that the experimental system closely conforms to the model (1) . The use of a "leaky" integrator helps avoid the divergence caused by a small dc signal that might have gotten through the voltage amplifier stage. Typically the output of an integrator is also accompanied by dc that must be removed before the signal is passsed to the other fluxgates. This is accomplished by employing a Sallen-Key second-order high pass filter immediately after the integrator, with the parameters tuned to work at a specific frequency (the mean oscillating frequency of the coupled system). The signal then passes through an amplifier to achieve adequate gain to drive the adjacent fluxgate. After this step, the signal passes through a voltage-to-current converter (V-I converter) in its final route to drive the primary coil of the adjacent fluxgate. This converter also has a gain factor but it is fixed to a certain value during the construction of the coupling circuits. The gain is set at much less than unity so that one volt in the signal does not convert to one ampere in the voltage-to-current converter stage. The same setup is repeated for the other two coupling connections of the remaining fluxgates, and all values of the coupling circuit parameters are closely matched from one set to the other. Each stage of the coupling circuit also employs high speed and high precision operational amplifiers to minimize the time delay in order to conform closely to the model since knowledge of state variable x i is known instantly in the model. The system readily oscillates in a traveling wave pattern, see Figure 4 . As in the model, the system favors this pattern no matter how many times it is restarted. The frequency of oscillations is about 57 Hz. Each wave is phase shifted by exactly 2π 3 as predicted by the model. Further comparisons with numerical results show good agreement with the characteristics of the oscillations. Both waveforms are qualitively similar but the waveform from the experiment is a mirror image of the waveform from the model. This is probably due to the inversion of the winding of the coils in the construction of the fluxgates. In addition, since we do not know the exact value of the parameter c and a time constant τ, which arises in the derivation of (1), in the actual device (we set τ = 1 in the model), we cannot correctly compare the time scales in the model and the experimental observations. The amplitudes of the oscillations in the experiment are also arbitrary compared to the model because the recorded voltages depend on the gains set in the coupling circuit. On the other hand, the magnetic flux in the model saturates between ±1, but in the fluxgate devices, this quantity cannot be measured directly. To measure an external signal, we quantify its symmetry-breaking effect through the residence times (RT) ratio around the stable attractors ±1. The critical observation is that the RT ratio in a ring of three fluxgates is about 400 times the RT ratio of a single fluxgate. In other words, the ring is (theoretically) three orders of magnitude more sensitive than a single fluxgate. RT ratio curves are not included in this paper for brevity. In practice, the amount of sensitivity enhancement (without optimization) is about 100 times better. The exact experimental limit of enhancement is part of on-going work.
